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k1ïá�§!½)^�

1. �§��Ñ3ù�Ù¥·�Ì�ïÄNÚ�§(q¡.Ê

.d�§)

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0 (1.1)

9Ñt�§

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= f(x, y, z) (1.2)

�Ä�½)¯K9)�5�"
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k1ïá�§!½)^�

�§(1.1)9(1.2)3åÆ!ÔnÆ¯K¥²~-�"31�Ù

¥·�ïÄ
���Ä¯K§�ïÄ3Ø��m
Cz�	

åF (x, y) �^e��²ï�, �� £u Ú�mÃ', u´��

Ä�§

ρ
∂2u

∂t2
= T

(
∂2u

∂x2
+
∂2u

∂y2

)
+ F (x, y, t)

Òz��²â�§

0 = T

(
∂2u

∂x2
+
∂2u

∂y2

)
+ F (x, y).
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k1ïá�§!½)^�

½��
∂2u

∂x2
+
∂2u

∂y2
= −F (x, y)

T
,

§Ò´���Ñt�§"l1�Ù¥�?Ø·���w�, �ï

Ä­½G�9�D�¯K����Ñt�§,AO3vk9��

Ò��NÚ�§"d	, lEC¼êØ¥��, ��)Û¼ê�

¢Ü�JÜ©O÷v���NÚ�§"

NÚ�§ÚÑt�§�A^�©2�,e¡20�A���

NÚ�§ÚÑt�§�¢~"
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k1ïá�§!½)^�

1. (1) Úå ³

3êÆ¤þ��NÚ�§���Í¶�¢~5gÚî�kÚå"

�âÚî�kÚå½Æ,  u(x0, y0, z0) ?�þ�M ��:é 

u(x, y, z) ?äü �þ��:�Úå, Ù���uM/r2, 
�

^��÷öùü:�ë�, �¯(x0, y0, z0) :, Ù¥r

=
√

(x− x0)2 + (y − y0)2 + (z − z0)2 �ùü:�m�ål"�

¤�þ/ª, =�

F (x, y, z) = −M
r2

(
x− x0

r
,
y − y0

r
,
z − z0

r

)
.
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k1ïá�§!½)^�

F (x, y, z) ¡�Úå|¼ê"w,Úå|¼ê´ ³¼ê

ϕ(x, y, z) =
M

r

�FÝ;F = gradϕ "Ø
#N����?¿~ê	,  ³¼ê

´��(½�"

ek±�Ýρ(x, y, z) ©Ù3«¢Ω þ��þ"@o§�)�

Úå|AT�Ùþ��:�)�Úå|�U\"3«�Ω þ��

þ¤�)�oÚå ³A�
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k1ïá�§!½)^�

ϕ(x, y, z) =

∫∫
Ω
ρ(ξ, η, ζ)

dξdηdζ√
(x− ξ)2 + (y − η)2 + (z − ζ)2

.

(1.3)

ÏL��O��±�y, ϕ(x, y, z) 3Ω ±	÷vNÚ�§

∆ϕ = 0.

��±?�Ú�y, eρ(x, y, z) ÷vHolder ^�⊕, Kϕ 3Ω S÷

vÑt�§

∆ϕ = −4πρ.
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k1ïá�§!½)^�

£2¤·>|�> ³

��m¥k�>Ö�Ý�ρ(x, y, z) �·>|"3d>|S?�

�d4­¡Σ ���«�G, d·>Æ�, ÏLΣ �	�>Ïþ�

uG ¥o>þ�4π �, =¤á∫∫
Σ
E · nds = 4π

∫∫∫
σ
ρdxdydz,

Ù¥E �>|rÝ¥þ, 
n �Σ þ�ü 	{��þ"|^�

�úª¿5¿�G �?¿5,��

divE = 4πρ. (1.4)
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k1ïá�§!½)^�

qd¥Õ½Æ��, �>|´k³�, =�3·> 

³u = u(x, y, z), ¦

E = − gradu.

òÙ�\(1.4)ª, =�·> ³u ÷v±e�Ñt�§

∆u = −4πρ.

AO/, e3,«�¥vk>Ö�3, K3d«�¥·> ³u

÷vNÚ�§"
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k1ïá�§!½)^�

½ÂNÚ�§(1.1)�ëY), �Ò´`äk'uCþx Úy

���ëY �ê¿�÷v�§(1.1)�ëY¼ê)¡�NÚ¼

ê"

3ü�gCþ��/, NÚ¼ê�Nõ5�®3EC¼êØ

¥?ØL, ùpØ2­E, e¡�Qãò±����/�Ì"
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½)^�Ú½)¯K

�
3�m,�«�¥(½�§�)§�7LN\�
½)

^�"½)^�¥�k>.^�§ù«½)¯K¡�>�¯

K"

XÓ1�Ùé��Ä�§¤J�n«a.�>.^�§©O

¡�1�§1�§1n>�¯K"
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1�>�¯K

3�m(x, y, z) ¥,�«�Ω �>.Γ þ�½
��ëY¼

êg, �¦éÑù����¼êu(x, y, z), §3Ω S´NÚ¼

ê, 3Ω ∪ Γ þëY,¿3Γ þ�®��¼êg ­Ü:

u|Γ = g. (1.5)
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1�>�¯K

3,1w�4­¡Γ þ�ÑëY¼êg, �Ïéù���¼

êu(x, y, z), §3Γ �SÜ«�Ω ¥´NÚ¼ê, 3Ω ∪ Γ þ

ëY, �3Γ þ�?�:÷Γ �ü 	{���n ����

ê∂u
∂n �3, ¿�Ò�u®�¼êg 3T:��:

∂u

∂n

∣∣∣∣
r

= g. (1.6)
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1�>�¯K

d	,3A^¥·��²~¬��)|�X¯KÚì�ù¯

K�,�«J{"~X�(½,ÔN	Ü�­½§Ý|�,

Ò8(�¦«�Ω 	�¼êu,¦÷v�§(1.1) Ú>.^

�u|r = g, ùpΓ ´Ω �>., g L«ÔNL¡�§Ý©

Ù"qX36NåÆ�76¯K¥, ~~I�(½,k.«

�Ω 	Ü6|��Ý©Ù"|´k³�, 
�¤�Ä�6N

´Ø�Ø �,@o�Ý³ϕ 3Ω �	Ü÷v.Ê.d�

§(1.1), �376ÔN�>.Γ þAk ∂ϕ
∂n

∣∣∣
Γ

= 0 "
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1�>�¯K

Ïdû½Ω 	Ü6|��Ý©Ù�¯KÒ8(�¦��3­

¡Γ 	Ü�NÚ�¼ê, ¦§3Γ þ÷v¤��>.^�"

ù�,·�w|´k³�, 
�¤�Ä�6N´Ø�Ø 

�,@o�Ý³ϕ 3Ω �	Ü÷v.Ê.d�§(1.1), �37

6ÔN�>.Γ þAk ∂ϕ
∂n

∣∣∣
Γ

= 0 "�, é��¼êu 3­

¡Γ 	Ü�NÚ, 
3­¡Γ þ÷v¤��>.^�, ù��

½)¯K3¢^þ´éI��,¡§�.Ê.d�§�	¯

K"
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1�>�¯K

�d�A,·�rþ¡1��~f¥¤J�¯K¡�)|�

X	¯K,1��~f¥¤J�¯K¡�ì�ù	¯K".

Ê.d�§�	¯K´3Ã¡«�þ�Ñ�, ½)¯K�)

3Ã¡�?´ÄAT\±�½���Q? ·��Þ~`²�

3Ã¡�?Ø\?Û���§	¯K�)¿Ø��"~X�

	±�:�%�ü ¥¡Γ ��>.­¡�)|�X	¯

K, ¿�Ñ>.^�

u|Γ = 1. (1.7)

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

)|�X	¯K

3�m(x, y, z) �,�4­¡Γ þ�½ëY¼êg, �éÑù

���¼êu(x, y, z), §3Γ �	Ü«�Ω′ SNÚ(Ã¡�?

Ø	), 3Ω′ ∪ Γ þëY, �:(x, y, z) ªuÃ¡��,

u(x, y, z) ��/ªu"(=÷v^�(1.7)), ¿�§3Γ þ$1

ïá�§!½)^�71 �¤��¼ê�:

u|r = g. (1.8)
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ì�ù	¯K

31w�4­¡Γ þ�ÑëY¼êg, �¦éÑù���¼

êu(x, y, z), §34­¡Γ �	Ü«�Ω′ SNÚ, 3Ω′ ∪ Γ

þëY, 3Ã¡�?÷v^�(1.7), �3Γ þ?�:÷«

�Ω′ �ü 	{���n′ (��­¡Γ �SÜ) �{��

ê∂u
∂ , �3, ¿�÷v

∂u

∂n

∣∣∣∣
r

= g. (1.9)
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ì�ù	¯K

�
Ú	¯K�«O,·�k�r½)¯K(1)9(2) ©O¡

�)|�XS¯KÚì�ùS¯K"éuÑt�§(1.2) �

o«>�¯K, ��éÑÑt�§���A), dU\�n,

ÒUz�NÚ�§(1.1) �éA�>�¯K"�g ÷vHolder

^��,ù«A)´N´é��(ë�(1.3)ª)"¤±·�±

�Ì�ïÄNÚ�§(1.1) �>�¯K"
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C©�n

3ÔnÚåÆ¥kA�'uUþ4�½4��½Æ, §��

£ã�þ!Äþ!å!9þ!>þ�Ônþ�Åð½²ï�

Ù§Ôn½ÆäkÓ��­�5"dcüÙ,·�®�Uþ

  �^È©L«"ù«È©L�ª�4�¯K�¡�C©

¯K",
ÔnÆ!åÆ�C©¯K�¬�ÑNÚ�§½Ñ

t�§�½)¯K"����~f, ·��	���²ï¯

K"�k�>.�½���, 3	å�^e?u²ïG�"

åÆ¥kXe���o U�n: 3���U� £¥, ý

¢ £¦o U����"æ^1�Ù¥�PÒ, ^u(x, y)

L«3(x, y) ?���R� £, F (x, y) L«R�	å��

Ý"
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C©�n

P��3Y²¡Oxy þ�ÝK«��Ω, §äk1w>.Γ,

K3	åF �^e���o U�(ë�1�Ù(6.7) ª)

V =

∫∫
Ω

{
T

2

[(
∂u

∂x

)2

+

(
∂u

∂y

)2
]
− Fu

}
dxdy.

±J(u) L«o U, ØO��~êÏf, §���

J(u) =

∫∫
a

{
1

2

[(
∂u

∂x

)2

+

(
∂u

∂y

)2
]
− fu

}
dxdy, (1.10)

Ù¥

f =
F

T
.
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C©�n

Ï����>.�½, /���U� £0Ò´¤käk�

½�1w5, �3>.þ�u"� £¼ê"~X, Ueª

V0 =
{
v ∈ C2(Ω) ∩ C ′(Ω̄), v|F = 0 |, (1.11)

�½¼ê8ÜV0, K���U� £���8ÜV0 ¥���

�N"ù�, ��o U�n�±^Xe�êÆ/ªLã:

eu �ý¢ £, Ku ∈ Vu, �÷v

J(u) = minJ(v). (1.12)
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1nÙ NÚ�§

1 3.1ïá�§!½)^�

2 3.2��úª9ÙA^

3 3.3��¼ê
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C©¯KÚÑt�§�>�¯Kk���¯K"éuC©¯

K£1.12¤�eãÑt�§�)|�X¯K{
−∆u = f,

u|Γ = 0,
(1.13)

·��y²Xe�

½n1.1 (C©�n) XJ÷v(1, 12) �¼êu ∈ V0 �3, §7÷

v(1.13)"��§eu ´½)¯K(1.13)áuV0 �),Ku 7�C

©¯K(1.12) �)"
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C©�n�y²

y:eu ´C©¯K(1.12) �), ?�w ∈ V0, -v = u+ λw,

Ù¥λ �?�¢ê"w,kv ∈ V01, �

J(v) = J(u+ λw)

=

∫∫
a

{
1

2

[(
∂

∂x
(u+ λw)

)2

+

(
∂

∂y
(u+ λw)

)2
]
− f · (u+ λw)

}
dxdy

= J(u) + λ

∫∫
a

(
∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y
− fw

)
dxdy

+
λ2

2

∫∫
D

[(
∂w

∂x

)2

+

(
∂w

∂y

)2
]
dxdy.
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d(1, 12) , J(u+ λ)w3λ = 0 ��4��, Ak

d

dλ
J(u+ λw)

∣∣∣∣
2=0

= 0,

=

∫∫
O

(
∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y
− fw

)
dxdy = 0.

(1.14)

�d��úª∫∫
Ω

(
∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y

)
dxdy

=

∫∫
Ω

[
∂

∂x

(
w
∂u

∂x

)
+

∂

∂y

(
w
∂u

∂y

)
− w

(
∂2u

∂x2
+
∂2u

∂y2

)]
dxdy

=

∫
Γ
w
∂u

∂n
ds−

∫∫
a

∆u · wdxdy.
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duw ∈ Vn,w|Γ = 0, þªmà1���0 ,l
d(1.14)�
�, é?Û�½�w ∈ V0, ¤á∫∫

Ω
(∆u+ f)wdxdy = 0. (1.15)

dd��, ∆u+ f 3Ω ¥7ð�u0 "¯¢þ, e∆u+ f 3Ω ¥
,:(x0, y0) Ø�u0,Ø���5,�(∆u+ f) (x0, y0) > 0, K
d∆u+ f �ëY5�, 7�3(x0, y0) �����, 3d��¥
¤á∆u+ f > 0 "ù�, �w �3(x0, y0) :NC�u0 , 
3Ù
	�u0 , Òk ∫∫

a
(∆u+ f)udxdy > 0


�(1.15)gñ"Ïd, 3Ω ¥7k

∆u+ f ≡ 0.

qdu ∈ V0, Ïdu|r = 0, =u �¯K(1.13)�)"
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��§eu ∈ V0 ´½)¯K(1.13)�),KéV0 ¥�?��
½�w, ¤á

−
∫∫

Ω
(∆u+ f)wdxdy = 0.

dd,|^��úª´�, é?Û�½�w ∈ V0, ¤á∫∫
D

(
∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y
− fw

)
dxdy = 0. (1.16)

?�v ∈ V0, -w = v − u ∈ V0, Òk

J(v) =J(u+ w) = J(u) +

∫∫
Ω

(
∂u

∂x

∂w

∂x
+
∂u

∂y

∂w

∂y
− fw

)
dxdy

+

∫∫
Ω

1

2

[(
∂w

∂x

)2

+

(
∂w

∂y

)2
]
dxdy.

2|^(1.16) =�

J(v) = J(u) +
1

2

∫∫
a

[(
∂w

∂x

)2

+

(
∂w

∂y

)2
]
dxdy.
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5¿�w ∈ V0, ·�k

J(v) > J(u),

��Ò=�w ≡ 0�¤á"ùÒy²
u ÷v(1.12) ª,=u �´
C©¯K(1.12) �)"y."
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C©�nJø
ïÄ �©�§>�¯K���#*:Ú#
å»"§��±Jø¦ �©�§>�¯K�)(�)Cq))
��{"�´, ½n1.1 ��¿�w�·�J(v) ´Ä�3�4�
����, �vk£�J(v) ´Ä3V0 ¥��4��"Ïd, �^
C©�{5ïÄ)|�X¯K(1.13) ,ÿk�
Ä:5�ó��
�"�XC�êÆnØ�uÐ, ÃXÈ©(1.10)3=«¼êa¥
(¢�34���¯KÑ��
î���ã�Øy§l
(á

C©�n3êÆÔn�§¥�­��^"
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��úª

�Ω ´±v
1w�­¡Γ �>.�k.«�(�±´õë

Ï«�), P (x, y Q(x, y, z), R(x, y, z) ´3Ω ∪ Γ þëY,3Ω

SkëY �ê�?¿¼ê,K¤á∫∫
Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dΩ

=

∫∫
Γ
(P cos(n, x) +Q cos(n, y) +R cos(n, z))dS,

Ù¥dΩ ´NÈ��, n ´Γ �	{���, dS ´Γ þ�¡

È��"
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��úª

�¼êu = u(x, y, z) Úv(x, y, z) ±9§��¤k�� �

ê34«�Ω ∪ Γ þë§��¤k�� �ê3Ω SëY"

3þª¥-P = u ∂v∂x , Q = u∂v∂y , R = u∂v∂z , ·�Ò��������111

���úúúªªª"

∫∫∫
Ω
u∆vdΩ

=

∫∫
Γ
u
∂v

∂n
dS −

∫∫∫
Ω

(
∂u

∂x

∂v

∂x
+
∂u

∂

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dΩ,

(2.1)

¥∆ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
, ∂∂n L«	{��ê"
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��úª

�¼êu = u(x, y, z) Úv(x, y, z) ±9§��¤k�� �

ê34«�Ω ∪ Γ þë§��¤k�� �ê3Ω SëY"

3þª¥-P = u ∂v∂x , Q = u∂v∂y , R = u∂v∂z , ·�Ò��������111

���úúúªªª"∫∫∫
Ω
u∆vdΩ

=

∫∫
Γ
u
∂v

∂n
dS −

∫∫∫
Ω

(
∂u

∂x

∂v

∂x
+
∂u

∂

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dΩ,

(2.1)

¥∆ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
, ∂∂n L«	{��ê"
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��úª

3(2.1) ¥ò¼êu, v � ���, �∫∫∫
n
v∆udΩ

=

∫∫
Γ
v
∂u

∂n
dS −

∫∫∫
Ω

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dΩ.

(2.2)

g(2.1)~�(2.2), ·�Ò��������111���úúúªªª:

∫∫
Ω

(u∆v − v∆u)dΩ =

∫∫
Γ

(
u
∂v

∂n
dS − v ∂u

∂n

)
dS (2.3)

úª(2.3) éΩ S��ëY��,3Ω ∪ Γ þkëY�� �

ê�?¿¼êu(x, y, z) 9v(x, y, z) ¤á"
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��úª

3(2.1) ¥ò¼êu, v � ���, �∫∫∫
n
v∆udΩ

=

∫∫
Γ
v
∂u

∂n
dS −

∫∫∫
Ω

(
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z

)
dΩ.

(2.2)

g(2.1)~�(2.2), ·�Ò��������111���úúúªªª:∫∫
Ω

(u∆v − v∆u)dΩ =

∫∫
Γ

(
u
∂v

∂n
dS − v ∂u

∂n

)
dS (2.3)

úª(2.3) éΩ S��ëY��,3Ω ∪ Γ þkëY�� �

ê�?¿¼êu(x, y, z) 9v(x, y, z) ¤á"
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��úª

|^þã��úª·��íÑNÚ¼ê��
Ä�5�"Ä

k·��ÑNÚ¼ê�È©L�ª"�	¼ê

v =
1

rM0M
=

1√
(x− x0)2 + (y − y0)2 + (z − z0)2

, (2.4)

d?M0 (x0, y0, z0) ´«�Ω S�,��½:"¼ê 1
rM0M

Ø

:M0 	??÷v�§(1.1), §3ïÄn�.Ê.d�§¥

åX­���^,¡�n�.Ê.d�§�ÄÄÄ���)))"3ú

ª(2.3) ¥�u ´NÚ¼ê,
�v = 1
rM0M

"du¼êv 3«

�Ω SkÛÉ:M0, Ïdé«�Ω ØU��A^��1�

úª(2.3), �´, XJ3«�Ω SØ���±M0 �¥%!¿

©��êε ��»�¥Kt, K3�e�«�Ω\Ke ¥¼êv
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��úª

Ò´ëY���
"3«�Ω\Kc þéþã�¼êu Úv A

^úª(2.3), �∫∫∫
Ω\Kt

(
u∆

1

r
− 1

r
∆u

)
dΩ =

∫∫
r∪rt

(
u
∂

∂n

(
1

r

)
− 1

r

∂u

∂n

)
dS,

(2.5)

Ù¥Γ, ´¥Ka �L¡"3«�Ω\K, S∆u = 0,∆1
r = 0 "

3¥¡Γc þ, du

∂

∂n

(
1

r

)
= − ∂

∂r

(
1

r

)
=

1

r2
=

1

ε2
,

Ïd ∫∫
Γi

u
∂

∂n

(
1

r

)
dS =

1

ε2

∫∫
Γe

udS = 4πu∗,
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��úª

Ù¥u· ´¼êu 3¥¡Γ, þ�²þ�"aq/, k∫∫
Γc

1

r

∂u

∂n
dS =

1

ε

∫∫
Γt

∂u

∂n
dS = 4πε

(
∂u

∂n

)∗
,

d?
(
∂u
∂n

)∗
´¼ê∂u

∂n 3¥¡Γ, þ�²þ�"Ïd, dú

ª(2.5)�∫∫
Γ

(
u
∂

∂n

(
1

r

)
− 1

r

∂u

∂n

)
dS + 4πu∗ − 4πε

(
∂u

∂n

)∗
= 0.

3þª¥-ε→ 0, Ò��NÚ¼ê�Ä�È©úª

u (M0) = − 1

4π

∫∫∫
Γ

[
u(M)

∂

∂n

(
1

rM0M

)
− 1

rM0M

∂u(M)

∂n

]
dSM .

(2.6)
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��úª

ù�, éu3Ω ∪ Γ þkëY�� �ê�NÚ¼êu, Ù3

«�Ω S?�:M0 ��, �ÏLÈ©L�ª(2.6) ^ù¼ê

9Ù{��ê3«�>.Γ þ�ê�5L«"þ¡·��í

�´3b�:M0 (x0, y0, z0) �«�Ω ¥�:
?1�"X

JrM0 :�3Ω �	½ö�3Ω �>.Γ þ, �±aq/

��,	ü�ªf"r§��(2.6)ªÜ¿å5���

−
∫∫

Γ

(
u
∂

∂n

(
1

r

)
− 1

r

∂u

∂n

)
dS =


0 (eM0 3Ω 	)§

2πu (M0) (eM0 3Γ þ) ,

4πu (M0) (eM0 3Ω S).

(2.7)

Ó�, XJu 3Ω ∪ Γ þkëY��� �ê, 
3«�Ω

S, ∆u = F , Ò�±���(2.6) �aq�úª
�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

��úª

u (M0) =− 1

4π

∫∫
Γ

[
u(M)

∂

∂n

(
1

rM0M

)
− 1

rM0M

∂u(M)

∂n

]
dSM

− 1

4π

∫∫∫
Ω

F (M)

rM0M
dΩM .

(2.8)
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��úªá=�ÑNÚ¼ê�eã­�5�"

½n2.1:�¼êu3±­¡Ø�¸.�«�íSNÚ§3íGØ

þkëY�� �ê,K

∫∫
Γ

∂u

∂n
dS = 0. (2.9)

y:��3úª(2.3) ¥�u ´¤��NÚ¼ê, 
�v ≡ 1,

Ò��(2.9)"

dd½n, ·��Ñì�ùS¯K ∂u
∂n

∣∣
Γ

= f k)�7�^�

´¼êf ÷v ∫∫
Γ
fdS = 0.
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��úªá=�ÑNÚ¼ê�eã­�5�"

½n2.1:�¼êu3±­¡Ø�¸.�«�íSNÚ§3íGØ

þkëY�� �ê,K

∫∫
Γ

∂u

∂n
dS = 0. (2.9)

y:��3úª(2.3) ¥�u ´¤��NÚ¼ê, 
�v ≡ 1,

Ò��(2.9)"

dd½n, ·��Ñì�ùS¯K ∂u
∂n

∣∣
Γ

= f k)�7�^�

´¼êf ÷v ∫∫
Γ
fdS = 0.
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��úªá=�ÑNÚ¼ê�eã­�5�"

½n2.1:�¼êu3±­¡Ø�¸.�«�íSNÚ§3íGØ

þkëY�� �ê,K

∫∫
Γ

∂u

∂n
dS = 0. (2.9)

y:��3úª(2.3) ¥�u ´¤��NÚ¼ê, 
�v ≡ 1,

Ò��(2.9)"

dd½n, ·��Ñì�ùS¯K ∂u
∂n

∣∣
Γ

= f k)�7�^�

´¼êf ÷v ∫∫
Γ
fdS = 0.
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²þ�½n

d(2.6) ª, (2.8) �1��´��NÚ¼ê"u´, dU\�

n�

v (M0) = − 1

4π

∫∫∫
Ω

F (M)

rM0M
dΩM (2.10)

´Ñt�§

∆u = F

���A)(Á�(1.3) ª�'�)"

3þã¥,·���
òNÚ¼ê^Ù>.þ�È©L«Ñ

5�úª( 2.6), ddÒ�±��e¡�NNÚ¼ê­�A5

�²þ�úª"
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²þ�½n

d(2.6) ª, (2.8) �1��´��NÚ¼ê"u´, dU\�

n�

v (M0) = − 1

4π

∫∫∫
Ω

F (M)

rM0M
dΩM (2.10)

´Ñt�§

∆u = F

���A)(Á�(1.3) ª�'�)"

3þã¥,·���
òNÚ¼ê^Ù>.þ�È©L«Ñ

5�úª( 2.6), ddÒ�±��e¡�NNÚ¼ê­�A5

�²þ�úª"
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²þ�½n

2. ²þ�½n

½n2.2 (²þ�úª) �¼êu(M) 3,«�Ω SNÚ, M0 ´Ω

¥�?�:"Ké±M0 �¥%a ��»��á3«�Ω �SÜ

�¥¡Γa, ¤á

u (M0) =
1

4πa2

∫
Γs

udS. (2.11)

y:rúª(2.6)A^�¥%3:M0 !�»�a �¥¡Γa þ,

��

(M0) = − 1

4π

∫∫
Γa

(
u
∂

∂n

(
1

r

)
− 1

r

∂u

∂n

)
dS.
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²þ�½n

2. ²þ�½n

½n2.2 (²þ�úª) �¼êu(M) 3,«�Ω SNÚ, M0 ´Ω

¥�?�:"Ké±M0 �¥%a ��»��á3«�Ω �SÜ

�¥¡Γa, ¤á

u (M0) =
1

4πa2

∫
Γs

udS. (2.11)

y:rúª(2.6)A^�¥%3:M0 !�»�a �¥¡Γa þ,

��

(M0) = − 1

4π

∫∫
Γa

(
u
∂

∂n

(
1

r

)
− 1

r

∂u

∂n

)
dS.
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²þ�½n

�3Γu þ
1
r = 1

a , u´d½n2.1 �∫∫
Γa

1

r

∂u

∂n
dS =

1

a

∫∫
Γa

∂u

∂n
dS = 0;

,��¡, ∂
∂n

(
1
r

)∣∣
ra

= − 1
a2

(Ï�3¥¡Γa þ	{����

¥»����), u´

∫∫
Γa

u
∂ 1
r

∂n
dS = − 1

a2

∫∫
Γa

udS.

¤±

u (M0) =
1

4πa2

∫∫
Γa

udS

ùÒ´¤�y²�"
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²þ�½n

5:3y²ù½n�,·�|^
�ª(2.6), §´3b�¼êu

3¥¡þ�ê∂u
∂n ��
íÑ�"XJ¼êu(M) 34«

�Ω ∪ Γ þëY, 3Ω S÷v�§∆u = 0, @o=�Øþ¡

�ínÿØUäóé��ÓΓ ���¥¡Γa �¤á(2.11)

ª"�Ï�úª(2.11) G?¿��a < a0 �¥Γa o´�(

�, ,��4�a→ a0, =�'uΓa �úª(2.11)"

3.4�¼ê

NÚ¼ê���­�5�Ò´¤áX4��n, =§ØU3

«�SÜ��4�"ùl�A�Ôn�.¥Ò�±�*/�

�ý«"±­½§Ý|�~, d�9þd	¡6<, ²LÔ

NSÜ6Ñ, ��Ä²ïG�"
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²þ�½n

5:3y²ù½n�,·�|^
�ª(2.6), §´3b�¼êu

3¥¡þ�ê∂u
∂n ��
íÑ�"XJ¼êu(M) 34«

�Ω ∪ Γ þëY, 3Ω S÷v�§∆u = 0, @o=�Øþ¡

�ínÿØUäóé��ÓΓ ���¥¡Γa �¤á(2.11)

ª"�Ï�úª(2.11) G?¿��a < a0 �¥Γa o´�(

�, ,��4�a→ a0, =�'uΓa �úª(2.11)"

3.4�¼ê

NÚ¼ê���­�5�Ò´¤áX4��n, =§ØU3

«�SÜ��4�"ùl�A�Ôn�.¥Ò�±�*/�

�ý«"±­½§Ý|�~, d�9þd	¡6<, ²LÔ

NSÜ6Ñ, ��Ä²ïG�"
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4�½n

Ïd§�ÔNSÜvk9
�, §Ý©ÙØ�U3SÜk�

p:½�$:, ÄK,du9þ�l§Ýp�/�6�§Ý$

�/�§Ò¬À�§Ý�­½©ÙG�"ùÒ´`, §Ý�

�p:9�$:73ÔN�>.þ"ù�¯¢�±^°(�

êÆ�óQã�Xe�:

½n2.3 (4��n) éØð�u~ê�NÚ¼êu(x, y, z), Ù3

«�Ω �?ÛS:þ��Ø�U��§3Ω þ�þ.½e."

y^�y{y²"�NÚ¼êu(x, y, z) Øð�u~ê,�3

«�Ω þ�þ.�m (ùpg,b�¼êu(x, y, z) 3«�Ω

þkþ., 3����/e, ½n´w,¤á�), 
u(x, y, z)

3Ω S,:M0 ��m, ·�5ÚÑgñ"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

4�½n

Ïd§�ÔNSÜvk9
�, §Ý©ÙØ�U3SÜk�

p:½�$:, ÄK,du9þ�l§Ýp�/�6�§Ý$
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u(x, y, z)

3Ω S,:M0 ��m, ·�5ÚÑgñ"
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4�½n

Ïd§�ÔNSÜvk9
�, §Ý©ÙØ�U3SÜk�

p:½�$:, ÄK,du9þ�l§Ýp�/�6�§Ý$

�/�§Ò¬À�§Ý�­½©ÙG�"ùÒ´`, §Ý�

�p:9�$:73ÔN�>.þ"ù�¯¢�±^°(�

êÆ�óQã�Xe�:

½n2.3 (4��n) éØð�u~ê�NÚ¼êu(x, y, z), Ù3

«�Ω �?ÛS:þ��Ø�U��§3Ω þ�þ.½e."

y^�y{y²"�NÚ¼êu(x, y, z) Øð�u~ê,�3

«�Ω þ�þ.�m (ùpg,b�¼êu(x, y, z) 3«�Ω

þkþ., 3����/e, ½n´w,¤á�), 
u(x, y, z)

3Ω S,:M0 ��m, ·�5ÚÑgñ"
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4�½n

±M0 �¥%!?¿�»R �¥K, ¦§��á3«�Ω

¥"PK �¥¡�SR, 3SR þ7¤áu = m "¯¢þ, X

Ju 3¥¡SR þ,�:Ù��um, Kd¼ê�ëY5, 7

�é�d:3¥¡SR þ�����, 3d��¥u < m "

Ïdu 3SR þ�È©²þ�

1

4πR2

∫∫∫
SR

udS <
1

4πR2

∫∫
SR

mdS = m;

�d²þ�úª(2.11), k

1

4πR2

∫∫
SR

udS = u (Mv) = m,

ùÒu)
gñ"
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4�½n

Ïd3¥¡SR þ, u ð�um "Ón, 3±M0 �%!?

¿r(r 6 R) ��»�¥¡þ, u �ð�u~êm, Ïd, 3�

�¥K þu ð�u~êm "

y3y²éΩ ¥�¤k:u Ñð�u~êm "?��

:M1 ∈ Ω, 3«�Ω ¥�é(M0 9M1 ü:�ò�γ, 2^

��á3Ω ¥�k��¥K1,K2, · · · ,Kn X4γ, ¦�K1 �

¥%�M0,K2 �¥%á3K1 ¥, K3 �¥%á3K2 ¥,

· · · ,Kn �¥%á3Kn−1 ¥(ã3.1)"
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4�½n

�âþ¡y²��{, �±�gy²3¤kù
¥¤���

«�þu ≡ m, Ïd, AOku (M1) = m "dM1 �?¿

5,Ò��3��«�þu(x, y, z) ≡ m, ùÚu ã3.1 Øð�

u~ê�gñ"Ïdu ØU3Ω SÜ��Ùþ."Ï�−u
�´NÚ¼ê, l§3Ω �SÜØU��§�þ., Ò�Ñu

�ØU3Ω SÜ��Ùe."ùÒy²
4��n"

íØ1 3k�«�Ω SNÚ!3Ω ∪ Γ þ�ëY�¼ê73

>.Γ þ��Ù���Ú���"

íØ2 �u 9v Ñ´«�Ω S�NÚ¼ê, �3Ω ∪ Γ þë

Y"XJ3Ω �>.Γ þ¤áXØ�ªu 6 v, @o3Ω Sþ

ãØ�ª�¤á; ¿��k3u ≡ v �, 3Ω Sâ¬k�Ò¤

á��U"
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4�½n

�âþ¡y²��{, �±�gy²3¤kù
¥¤���

«�þu ≡ m, Ïd, AOku (M1) = m "dM1 �?¿

5,Ò��3��«�þu(x, y, z) ≡ m, ùÚu ã3.1 Øð�

u~ê�gñ"Ïdu ØU3Ω SÜ��Ùþ."Ï�−u
�´NÚ¼ê, l§3Ω �SÜØU��§�þ., Ò�Ñu

�ØU3Ω SÜ��Ùe."ùÒy²
4��n"

íØ1 3k�«�Ω SNÚ!3Ω ∪ Γ þ�ëY�¼ê73

>.Γ þ��Ù���Ú���"

íØ2 �u 9v Ñ´«�Ω S�NÚ¼ê, �3Ω ∪ Γ þë

Y"XJ3Ω �>.Γ þ¤áXØ�ªu 6 v, @o3Ω Sþ

ãØ�ª�¤á; ¿��k3u ≡ v �, 3Ω Sâ¬k�Ò¤

á��U"
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4�½n

�âþ¡y²��{, �±�gy²3¤kù
¥¤���

«�þu ≡ m, Ïd, AOku (M1) = m "dM1 �?¿

5,Ò��3��«�þu(x, y, z) ≡ m, ùÚu ã3.1 Øð�

u~ê�gñ"Ïdu ØU3Ω SÜ��Ùþ."Ï�−u
�´NÚ¼ê, l§3Ω �SÜØU��§�þ., Ò�Ñu

�ØU3Ω SÜ��Ùe."ùÒy²
4��n"

íØ1 3k�«�Ω SNÚ!3Ω ∪ Γ þ�ëY�¼ê73

>.Γ þ��Ù���Ú���"

íØ2 �u 9v Ñ´«�Ω S�NÚ¼ê, �3Ω ∪ Γ þë

Y"XJ3Ω �>.Γ þ¤áXØ�ªu 6 v, @o3Ω Sþ

ãØ�ª�¤á; ¿��k3u ≡ v �, 3Ω Sâ¬k�Ò¤

á��U"
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4. 1�>�¯K)���59­½5
|^þ¡y²�4��n, á��±íÑN�§�)|�X

S¯K�	¯K)���59­½5"
k�	NÚ�§�)|�XS¯K"·�k
½n2.4 �§(1.1) �)|�XS¯K(1.5) �)XJ�3, 7

´���, 
�ëY/�6u¤��>.^�f .
y¯¢þ, b¦kü�NÚ¼êu1(x, y, z) Úu2(x, y, z), §�

3k.«�Ω �>.Γ þ���Ó, K§���u = u1 − u2 3Ω
¥�÷v�§(1.1), 
3Γ þ�u""u´Uì½n2.3 �íØ1
, ¼êu 3«�Ω þ���9���þ�", =u ≡ 0 "Ïd,
u1 ≡ u2, =)|�XS¯K�)´���"
Ùg, �3«�Ω �>.Γ þ�½
¼êf Úf∗, 
�3Γ þ

??¤á|f − f∗| ≤ ε, ùpε ´���½��ê"�u, u∗ ©O´
�§(1.1) 3«�Ω þ±f Úf∗ �>.^��)|�XS¯K�
), @oNÚ¼êu− u∗ 3Γ þ��f − f∗ "d½n2.3 �íØ1
��,3Ω þ�:k

�k� à�²n�ÆêÆ�ÚOÆ�
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max
Ω∪Γ

(u− u∗) = max
Γ

(f − f∗) ≤ ε,
min
Ω∪Γ

(u− u∗) = min
Γ

(f − f∗) ≥ −ε.

Ïd, 3Ω þ�:k

|u− u∗| ≤ max
Γ
|f − f∗| ≤ ε,

=)|�XS¯K�)ëY/�6u¤��>.^�"y."
y3=
ïÄ)|�X	¯K"�¼êu1, u2 ´)|�X	

¯K�), -v = u1− u2, KNÚ¼êv ÷vv|Γ = 0 9

lim
r→∞

v(x, y, z) = 0.

XJv Øð�u", K�½�3�:M , ¦v(M) 6= 0, Ø�b
�v(M) > 0 "±ΓR L«�»�R �¥¡, �R ��v
�, �
¦M :á3dΓ 9ΓR ¤�¤�«�ΩR ¥, �d^�

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§
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lim
r→∞

v(x, y, z) = 0

��3ΓR þkv|ΓR < v(M) "ÏdNÚ¼êv 3ΩR �>.Γ
9ΓR þÑ�Ø����, ù�4��ngñ, Ïdv �Uð�u
""ù�Ò��
½n2.5 �§(1.1) �)|�X	¯K�)XJ�3,K7´

���"
Ó��±y²)|�X	¯K�­½5(��SK)"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§
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3 ��¼ê

1. ��¼ê9Ù5�éu3«�Ω ¥NÚ!3Ω ∪ Γ þäk��
ëY �ê�¼êu, ·�®k�ª(2.6), =

u (M0) = − 1

4π

∫∫
Γ

[
u(M)

∂

∂n

(
1

rM0M

)
− 1

rM0M

∂u(M)

∂n

]
dSM ,

Ù¥:M0 (x0, y0, z0) ∈ Ω "ù�úª^¼êu 9Ù{��ê∂u
∂n

3>.Γ þ�ê�r¼êu 3«�Ω SÜ�ê�L«
Ñ5, ù
g,¦·���UÄ|^§5¦)>�¯K"�du3ùúª¥
Ó�I�u ±9∂u

∂n 3Γ þ�ê�, Ïd�ØU��|^§5¦)
NÚ�§�)|�X¯K(1.1)!(1.5)½ì�ù¯
K(1.1)!(1.6)"

�k� à�²n�ÆêÆ�ÚOÆ�
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~Xé)|�X¯K(1.1)!(1.5), u 3Γ þ��´®�½�,
�´∂u

∂n 3Γ þ���Ø��"@oØ
�½u 3Γ þ��	, ´

Ä�U?¿2�½∂u
∂n 3Γ þ��Q? ùØU, Ï�U½n2.4 ®

�)|�X¯K�)´���"�
�Ñù�(J, ·�g,/
���{��úª(2.6) ¥�∂u

∂n , ùÒI�Ú?��¼ê�V
g"
�d, 3�	úª(2.6) �Ó�, �	ù���¼

êg (M,M0), §3«�Ω S'uCþM ´�?NÚ�, ¿�3«
�Ω �>.Γ þ�¼ê 1

4πrM0M
3>.Γ þ���Ó, =

g (M,M0)|Γ =
1

4πrM0M

∣∣∣∣
Γ

. (1)

d��1�úª(2.3)�∫∫
Γ

(
g
∂u

∂n
− u∂g

∂n

)
dS = 0.

�k� à�²n�ÆêÆ�ÚOÆ�
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òdª�(2.6)ª�~, Ò��

u (M0) =

∫∫
Γ

(
G
∂u

∂n
− u∂G

∂n

)
dSM , (2)

Ù¥¼ê

G (M,M0) =
1

4πrM0M
− g (M,M0) (3)

Ò¡��§(1.1) )|�X¯K���¼ê(½ö¡�)|�X¯
K�
¼ê)"d(3.1) �G (M,M0) 3>.Γ þð�u", Ïd,
XJ��¼êG (M,M0) ®²��, ¿�§�>.��äk��
ëY �ê, @od(3.2)ª,�§(1.1) �>.^�

u|Γ = f(M) (4)

�)|�X¯K)Ò�L«�

u (M0) = −
∫∫

f
∂G

∂n
dSM (5)

�k� à�²n�ÆêÆ�ÚOÆ�
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��¼ê

1 3.1ïá�§!½)^�

2 3.2��úª9ÙA^

3 3.3��¼ê

4 3.4r4��n!1�>�¯K)���5
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��¼ê95�

þ¡ù«ò>�¯K�)^��¼ê½öÙ�ê�È©5L

«��{¡���¼ê{"����«�Ωþ���¼ê,%

7L¦)NÚ�§(1.1)���AÏ�)|�X¯Kµ

g |Γ=
1

4πrM0M

∣∣∣∣
Γ

.


éu��«�§�y²ù«AÏ�)|�X¯K)��3

5§Úy²3ù«�þ���)|�X¯K)��35Ï~

´Ó�(J�§Ïdþã�{ÿØUk�/^5)û��«

�þ.Ê.d�§�)|�X¯K"

�k� à�²n�ÆêÆ�ÚOÆ�
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��¼ê95�

�´§·�ØUÏdÒÄ½��¼ê{�¿Â§Ï

�µ(1)��¼ê=�6u«�§
�>.^�Ã'"��

¦�
,�«�þ���¼ê§ù�«�þ���)|�X

¯K�)��35�Ò��
)û§�Ù)�^È©ªL�

Ñ5¶(2)éu,
AÏ�«�§X¥!��m�§��¼

ê�±^Ð��{¦�§
ù
AÏ«�þ�)|�X¯K

~~åX­���^¶(3)úª(3.4)Ø=éu¯K�¦)k

¿Â§3®�)|�X¯K)��35±�§��±|^§

é)�5�?1&?"3e¡��ã¥·�òé���­�

�«�))¥þ���¼ê?1ïÄ"

�k� à�²n�ÆêÆ�ÚOÆ�
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��¼ê95�

y3kQã��¼ê�A�­�5�(Ùy²��SK)"

555���1 ��¼êG(M,M0)ØM = M0�:	??÷v�§

£1.1¤§
�M →M0�G(M,M0)ªuÃ¡�§Ù�ê

Ú 1
4πrM0M

�Ó"

555���2 3>.Γþ���¼êG(M,M0)ð�u""

555���3 3«�Ω¥¤áXØ�ªµ

0 < G(M,M0) <
1

4πrM0M
.

555���4 ��¼êG(M,M0)3gCþM9ëCþM0�mäk

é¡5§=�M1§M2 �«�¥�ü:§K

G(M1,M2) = G(M2,M1).
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��¼ê95�

555���5
∫∫
Γ

∂G(M,M0)
∂n dSM = −1.

��¼ê3·>Æ¥k²w�Ôn¿Â"�3:M0?��

ü :>Ö§@o§3gd�m¤�)�·>|�> 

� 1
4πrM0M

"XJ3M0:�:>Ö��3��µ4��>¡

S§
ù��>¡q´�/�§d�3�>¡S�> Ò�

±^��úª

G(M1,M2) =
1

4πrM0M
− g(M,M0)

5L«§§3�>¡þð�u"§
¼ê−g(M,M0)�ÐL

«�>¡þaA>Ö¤�)�> "Ïd§��¼ê�5
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��¼ê95�

�43·>Æþ�Lã�µM1?�ü :>Ö3M2?�)

�> �uM2?ü :>Ö3M1?¤�)�> "aqu

ù���n3Ôn¥¡�ppp´́́���nnn"
�°(/`§·�3ùpy²
µXJ3«�Ωþ��¼êG(M,M0)�3§¿�

§3Ω ∪ Γþäk��ëY �ê§@o)|�X¯K(1.1)!(1.5)3Ω ∪ Γþäk

ëY�� �ê�)Ò�L«�(3.4)�/ª"3¢SA^�§du¯k¿Ø��

)|�X¯K3Ω ∪ ΓþäkëY�� �ê�)��3§Ïd(3.4)��Ñ¯K

�/ª)§�
y²§�(÷v�§(1.1)9>.^�(1.5)§�7L?1�y"
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·>
�{

2.···>>>


���{{{ ¦«�Ω���¼ê8(�¦¼

êg(M,M0)§�Ò´¦aA>Ö�)�> "�«��>

.äkAÏ�é¡5�§Ò�±^aqu¦��Å��{¦

���¼ê"

b�3«�	�k��:>Ö§§égd�m�>|�)�

�> ,XJùü�:>Ö¤�)�> �3>.¡þT|

-�§ù�b��:>Ö3ΩS�> Ò�uaA>Ö¤�

)�> "N´��§ùb�:>Ö� �AT´M0'u

>.­¡Γ�,«é¡:"ù«|^é¡5¦��¼ê��

{µ¡�···>>>


���{{{(½¡ººº���{{{)"
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·>
�{

y3|^·>
�{¦¥���¼ê"�K´±O�

%!R��»�¥¡(ã3.2)"

3:M0(x0, y0, z0)���ü >Ö§3���OM0þ��

ãOM1§¦
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·>
�{

ρ0ρ1 = R2, (3.5)

Ù¥ρ0 = rOM0§ρ1 = rOM1§¡�M1�M0'u¥¡K��

ü:"�P´¥¡Kþ�?¿�½�:§�	n�

/OPM09OPM1§§�3:Okú��§
Yd����

A>U(3.5)ª´¤'~�§Ïdùün�/�q"d�q5

��§é¥¡Kþ�?¿:P7k

rM1P =
R

ρ0
rM0P .
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·>
�{

b�3:M1?k��:>Ö§�âþª§�
¦§¤�)

�> 3¥¡þT|�M0 ?ü :>Ö¤�)�> -

�§7Lb�3M1?�:>Ö�k�>þ�− R
ρ0
§Ïd

g (M,M0) =
1

4π

R

ρ0

1

rM1M
.

ù��5§±K�¥¡�¥þ���¼êÒ´

G (M,M0) =
1

4π

(
1

rM0M
− R

ρ0

1

rM1M

)
. (3.6)
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NÚ�§

1 3.1ïá�§!½)^�

2 3.2��úª9ÙA^

3 3.3��¼ê

4 3.4r4��n!1�>�¯K)���5
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¥�Ñtúª

y3|^§¦�§£1.1¤3d¥þ÷v>.^�

u|K = f (3.7)

�)|�X¯K�)"�d§·���Ñ∂G
∂n3¥¡Kþ�

�"5¿�

1

rM0M
=

1√
ρ2

0 + ρ2 − 2ρ0ρ cos γ

1

rM1M
=

1√
ρ2

1 + ρ2 − 2ρ1ρ cos γ
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¥�Ñtúª

Ù¥ρ = rOM§γ´OM0ÚOM�Y�

|^£3.5¤ª§d£3.6¤ªÒ����¼ê

G(M,M0) =
1

4π

[
1√

ρ2
0 + ρ2 − 2ρ0ρ cos γ

− R√
ρ2

0ρ
2 − 2R2ρρ0 cos γ +R4

]
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¥�Ñtúª

´�3¥¡Kþ§

∂G

∂n

∣∣∣∣
ρ=R

=
∂G

∂ρ

∣∣∣∣
ρ=R

= − 1

4π

 ρ− ρ0 cos γ(
ρ2

0 + ρ2 − 2ρ0ρ cos γ
) 3

2

−
(
ρ2

0ρ−R2ρ0 cos γ
)
R(

ρ2
0ρ

2 − 2R2ρρ0 cos γ +R4
) 3

2


∣∣∣∣∣∣
ρ=R

= − 1

4πR

R2 − ρ2
0(

R2 + ρ2
0 − 2Rρ0 cos γ

) 3
2
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¥�Ñtúª

Ïd§d(3.4)ª��3¥þ�)|�X¯K�)�L�ª:

u (M0) =
1

4πR

∫∫
K

R2 − ρ2
0(

R2 + ρ2
0 − 2Rρ0 cos γ

) 3
2

f (M) dSM

(3.8)

½��¥�I�/ª

u (ρ0, θ0, ϕ0) =
R

4π

∫ 2π

0

∫ π

0
f (R, θ, ϕ)

R2 − ρ2
0(

R2 + ρ2
0 − 2Rρ0 cos γ

) 3
2

sin θdθdϕ (3, 8)1
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¥�Ñtúª

Ù¥(ρ0, θ0, ϕ0)´:M0��I§(R, θ, ϕ)´¥¡Kþ:P��

I§


cos γ = cos θ cos θ0 + sin θ sin θ0 cos (ϕ− ϕ0)

úª(3,8)½(3, 8)1¡�¥¥¥���ÑÑÑtttúúúªªª"

Ó��±^·>
�{¦)��m�)|�X¯K"�¦�

�3��mz > 0þ�NÚ¼êu (x, y, z)§§3²¡z = 0þ

�®�¼êf(x, y)µ

u|z=0 = f(x, y)
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)|�X¯K

5¿:M0 = (x0, y0, z0)�é¡:´M0 = (x0, y0,−z0)§Ù

¥z0 > 0"¤±§3y3��¹e§��¼êke¡�/

Gµ

G(M,M0) =
1

4π

 1√
(x− x0)2 + (y − y0)2 + (z − z0)2

− 1√
(x− x0)2 + (y − y0)2 + (z + z0)2

 (3.9)
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)|�X¯K

éu��mz > 05ù§²¡z = 0�	{���´�z¶�

����§= ∂
∂n = − ∂

∂z"

d	§éu��m��/§��éNÚ¼êu (x, y, z)\þ3

Ã¡�?�^�µ

u (M) = O

(
1

rOM

)
· ∂u
∂n

= O

(
1

r2
OM

)
(rOM →∞)

KE�y²úª£2.6¤¤á§Ï
d��¼êL«�¦)

úª£3.4¤E¤á"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

)|�X¯K

dúª£3.4¤�����mþNÚ�§£1.1¤�)|�X

¯K�)�L�ª�

u (x0, y0, z0) =
1

4π

∫ +∞

−∞

∫ +∞

−∞
f (x, y)

∂

∂z

 1√
(x− x0)2 + (y − y0)2 + (z − z0)2

− 1√
(x− x0)2 + (y − y0)2 + (z + z0)2

∣∣∣∣∣∣
z=0

dxdy
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)|�X¯K

¤±)|�X¯K�)�L�ª�

=
z0

2π

∫ +∞

−∞

∫ +∞

−∞

f (x, y)[
(x− x0)2 + (y − y0)2 + z2

0

] 3
2

dxdy

(3.10)

^Ó���{�±¦Ñ�þ��NÚ�§�)|�X¯K

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 0, x2 + y2 < R2 (3.11)

u|x2 + y2−R2 = f (θ) (3.12)

�)§Ù¥θ´4�I�4�"
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SNJ�

1 3.1ïá�§!½)^�

2 3.2��úª9ÙA^

3 3.3��¼ê

4 3.4r4��n!1�>�¯K)���5
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��¼ê

¯¢þ,����¼ê�±�¥���¼ê@�5�Ñ,¤Ø

Ó�´3����/, 1
4πrA��±

1
2π ln 1

r (ë�k1 �S

K1)"XÓ¥@�,A^º�{,������¼ê�

G (M ,M0 ) =
1

2π

[
ln

1

rM0M
− ln

R

ρ0

1

rM1M

]
.

5¿�
1

rM0M
=

1√
ρ2

0 + ρ2 − 2ρ0 ρ cos γ
,

1

rM1M
=

1√
ρ2

1 + ρ2 − 2ρ1ρ cos γ
,
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��¼ê

Ù¥γ ´OM0 ÚOM �Y�,Ù{þ�¿ÂÓ¥��/(ë�

ã3.3)"

Ï�3²¡��/,OM0�OM ���{u©O

´(cos θ0, sin θ0)�(cos θ, sin θ),

�cos γ = cos(θ − θ0) = cos θ cos θ0 + sin θ sin θ0.
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��¼ê

|^ρ0ρ1 = R2 ,��3�±ρ = R þ,

∂ G

∂ n

∣∣∣∣
ρ=R

=
∂ G

∂ ρ

∣∣∣∣
ρ=R

=
∂

∂ ρ

{
1

2 π

[
ln

1√
ρ2

0 + ρ2 − 2ρ0 ρ cos γ

− ln
R√

ρ2
0ρ

2 − 2R2ρρ0 cos γ + R4
]

}∣∣∣∣∣
ρ=R

=− 1

2πR

R2 − ρ2
0

R2 − 2Rρ0 cos γ + ρ2
0

.
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��¼ê

ù�,dúª(3.4),á=���þ)|�X¯

K(3.11)!(3.12))�L�ª(Ó�¡�Ñtúª):

u (ρ0, θ0) =
1

2πR

∫
x2+y2=R2

R2 − ρ2
0

R2 − 2Rρ0 cos γ + ρ2
0

f(θ)ds

=
1

2π

∫ 2π

0

(
R2 − ρ2

0

)
f(θ)

R2 − 2Rρ0 cos (θ − θ0) + ρ2
0

dθ.

(3.13)
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��¼ê

3.)��y

3þã¥,·�^·>
�{�Ñ
3¥!��mÚ�þN

Ú¼ê�)|�X¯K)�L�ª"�§Ä¾´Ä(¢´

),�I�\±�y"3ùp·�=é���/?1�y,¥

Ú��m�/��y�±�d?1"

d��¼êG(M,M0)�é¡5,���M ��±þ�:�

�ÿ,G(M,M0)3�S'uM0:�´NÚ�"ddÏLÈ

©Òe¦�ê��{(�M03SÜ,M 3�±>.þ

�,(3.13)ª�È©Ø=− ∂G
∂n−ÃÛ5)��,d(3.13)ª�Ñ�

¼ê(¢3�S÷vNÚ�§(1.1)"
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��¼ê

y325�y¼êu ÷v>.^�(3.12),=�( ρ0, θ0 )ª�

u( R , θ)�,(3.13)ª�Ñ�u(ρ0, θ0)ª�uf(θ)"3(3.13)¥

Ú?#�È©Cþϕ = θ − θ0,5¿�f(θ)±9cos(θ − θ0)Ñ

´θ �±Ï¼ê,±Ï�2π,K(3.13)ª�±U��

u ( ρ0 , θ0 ) =
1

2π

∫ ?

−π

(
R2 − ρ2

0

)
f( ϕ+ θ0 )

R2 − 2Rρ0 cos ϕ+ ρ2
0

dϕ. (3.14)

d��¼ê�5�5,k

1 =
1

2 π

∫ π

−π

R2 − ρ2
0

R2 − 2Rρ0 cos ϕ + ρ2
0

dϕ ,
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��¼ê

u(ρ0, θ0)−f(θ) =
1

2π

∫ π

−π

R2 − ρ2
0

R2 − 2Rρ0 cosϕ+ ρ2
0

[f(ϕ+θ0)−f(θ)]dϕ.

(3.15)

·��y²,�ρ0 → R, θ0 → θ �,(3.15)ªm>�È©ªu

""3f(θ)�ëY�b�e, éu?¿�½��êú,�3�

êη,¦�3«m- η 6 ϕ 6 η þ,�θ �θo v
�C�,k

| f( ϕ+ θ0 )− f( θ) |6 ε

2
.

rÈ©«m©¤nÜ©:

(−π,−η), (−η, η)9(η, π),
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��¼ê

¿ò(3.15)ªm>��È¼ê3dnÜ©�È©©OP

�I1, I2 9I3"u´

| u(ρ0, θ0)− f(θ) |=| I1 + I2 + I3 |6| I1 | + | I2 | + | I3 | .

�	1��«mþ�È©I1"du3«

m(−π,−η)þcosϕ 6 cos η, Òk
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��¼ê

−2Rρ0 cosϕ+ ρ2
0 > R2 − 2Rρ0 cos η + ρ2

0

= (R− ρ0)2 + 2Rρ0(1− cos η)

> 4Rρ0 sin2 η

2
,
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��¼ê

qduf ëY,¤±|f(ϕ+ θ0)− f(θ)| 6M ,Ù¥M �,�

(½��ê"u´,éu1��«m�È©,k�O

| I1 |6
M

8πRρ0 sin2 η
2

(R2 − ρ2
0 ) ( π − η ) . (3.16)

éuI3,��±aq/��Ó���O"lù
�O�w

�,�ρ0ªuR�,I1 ÚI3þªu""
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��¼ê

,��¡,5¿�
R2−ρ20

R2−2Rρ0 cosϕ+ρ20
> 0,éuI2k�O

|I2| 6
ε

2
· 1

2π

∫ η

−η

R2 − ρ0

R2 − 2Rρ0 cosϕ+ ρ2
0

dϕ

6
ε

2
· 1

2π

∫ π

−π

R2 − ρ2
0

R2 − 2Rρ0 cosϕ+ ρ2
0

dϕ =
ε

2
. (3.17)

duú�?¿5,�±�½,�(ρ0, θ0)→(R, θ)�,u(ρ0, θ0)(¢

ª�uf(θ)"

ùÒy²
u(ρ0, θ0)(¢´�þ)|�X¯K�)"
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��¼ê

4.üëÏ«����¼ê

3ù�ã¥,·��`²éu²¡þüëÏ«����¼

ê,�±ÏL�/N���{z�ü �þ�¯K
¦�"

·���,²¡þNÚ�§)|�X¯K���¼ê�±L

«�

G (M,M0) =
1

2π
ln

1

rM0M
− g (M,M0) ,

Ù¥g(M,M0)3«�Ω SNÚ,¿�3Ω �>.Γ þ

� 1
2π ln 1

rM,M
�ê���"
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��¼ê

��Bå�,ò(x, y)²¡w¤Eêz �²¡,Ù

¥z = x+ iy,¿^z 9z0 ©OL«:M 9Mo ��I"

u´§

G ( z , z0 ) =
1

2π
ln

1

| z − z0 |
− g ( z , z0 ) .

k�	Ω�ü �
z0 = 0 ��/"d�ln 1
|z|3�±|z| = 1

þð�u",�d4��n´�k

G( z, 0) =
1

2π
ln

1

| z |
.
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��¼ê

y3�	��«���/"

�)Û¼êz = f(ζ), f(ζ0) = z0,òζ²¡þ�4«

�Ω1 ∪ Γ1ü�/N��z²¡þ�4«�Ω ∪ Γ,Ù

¥Γ9Γ1©O´Ω9Ω,�>."

XJG(z, z0)´«�Ωþ���¼ê,

@o«�Ω1þ���¼êÒA�

G1 ( ζ, ζ0) = G ( f( ζ) , f( ζ0 ) ) . (3.18)
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��¼ê

ù´Ï�G(f(ζ), f(ζ0))3ζ ∈ Γi��u",¿�

G( f( ζ) , f( ζ0 ) ) =
1

2π
ln

1

| f( ζ) − f( ζ0) |
− ξ( f( ζ) , f( ζ0))

=
1

2π
ln

1

| ζ − ζ0 |
− χ1 ( ζ , ζ0) ,

Ù¥

℘1

(
ζ ζ0

)
=

1

2π
ln
| f(ζ)− f(ζ0) |
| ζ − ζ0 |

+ ℘
(
f(ζ), f(ζ0)

)
3��«�Ω ,¥,�)ζ = ζ0 �:3SÑ´NÚ�"
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��¼ê

diù(Riemann)N�½n��:éu?��½�üëÏ«�

7�3���/N�,òdüëÏ«�N��ü �,¿ò«

�S�:ζoN�ü ���%z0 = 0"duü ����¼

êdþã?Ø´���,l
��üëÏ«����¼ê�

�d(3.18)��"
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��¼ê

~X,3Ω1´þ�²¡�,du¼êz = ζ0

ζ− ζ0
ζ0

,òΩ1N��ü

 �,¿òζ = ζ0N��z = z0 = 0, dþ¡�?Ø,��þ�

²¡η > 0 ���¼ê�

G1(ξ, ξ0) =
1

2π
ln

∣∣∣∣ξ − ξ0

ξ − ξ0

∣∣∣∣ =
1

2π
ln

√
(ξ − ξ0)2 + (η + η0)2

(ξ − ξ0)2 + (η − η0)2 ,

(3.19)

Ù¥ζ = ξ + iη, ζ0 = ξ0 + iη0"²L{ü�$��±w�,ù

Úº�{¤�(J�Ó"
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��¼ê

5.NÚ¼ê�Ä�5�

Ø
þ!¥¤ã�NÚ¼ê�
5�	,y3·�|^Ñt

úª(3.8)5y²NÚ¼ê�,	�
­�5�"

½n3.1 (M@�(Harnack) 1�½n('uNÚ¼êS���

�Âñ5½n)) XJ¼êS�{uk}¥�z�¼ê3,k�
«�Ω¥Ñ´NÚ¼ê,34«�Ω ∪ Γ(Γ´Ω �>.)þë

Y,
�ù¼êS�3Γþ��Âñ,K§3Ω¥���Â

ñ,¿�4�¼êu 3«�Ω ¥�´NÚ¼ê"
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êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

��¼ê

y

±fkL«NÚ¼êuk3Γþ��"Ub�,ëY¼êS

�|fk|3Γþ��Âñ, =é?¿�½�ú¿0,�3ù��N,¦

�n ,m > N �,3Γ þ??k|fn − fm| 6 ε"d4��n,é

uù
n,m ,3Ω ¥??k|un − um| 6 ε"¤±�â�Ü�

O{��NÚ¼êS�{uk}3Ω¥���Âñ"�y²Ù4

�¼êu3Ω¥´NÚ¼ê,��y²u3Ω ¥?�:���

¥´NÚ¼êÒ�±
"

�d,3ΩS?��:M0,±M0�¥%�� uΩS�¥K"

3d¥þ,z��NÚ¼êuk þ�^Ñtúª(3.8).L�

uk

(
ρ0 , θ0 , ϕ0

)
=

R

4π

∫ 2π

0

∫ π

0
uk

(
R , θ , ϕ

)
(3.20)
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��¼ê

Ù¥R ´¥K ��»,(ρ0, θ0, ϕ0)´:M0 �¥�I"Ï�¼

êS�|uk(R, θ, ϕ)|��Âñuu,3þªü>-k →∞�4
�Ò��

u ( ρ0 , θ0 , ϕ0 ) =
R

4π

∫ 2π

0

∫ π

0
u (R , θ , ϕ )

(R2 − ρ2
0) sin θ dθdϕ /{

R2 + ρ2
0 − 2Rρ0 [cos θ cos θ0 + sin θ sin θ0 cos( ϕ− ϕ0 )]

} 3
2 ,

u´4�¼êu E�dÑtúªL�,l
¼êu ´¥K S

�NÚ¼ê"½ny."
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��¼ê

½n3.2(M@�1�½n) �|uk|´Ωþ���üNØ~�N

Ú¼êS�,e§3Ω S�,�:PÂñ,K§3Ω ¥??Â

ñu��NÚ¼êu,¿�ù«Âñ3Ω �?�sf«�þ´

���"

y

�±P:�¥%!�»�R ���á3Ω ¥�¥Kκ"�Q

´Kκþ�?�:"

éKκ¥�?¿NÚ¼êu,dÑtúª(3.8),¤á

u (Q) =
1

4πR

∫∫
κR

R2 − ρ2
0

(R2 + ρ2
0 − 2Rρ0 cos γ )

3
2

u (M) dSM .
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��¼ê

eu > 0,Ò�±|^u3¥%P��5�Ou(Q)��"¯¢

þ,5¿�

R2 − ρ2
0

(R+ ρ0)3 6
R2 − ρ2

0(
R2 + ρ2

0 − 2Rρ0 cos γ
) 3

2

6
R2 − ρ2

0

(R− ρ0)3 ,

1

4πR

∫∫
κR

u (M) dSM ·
R− ρ0

(R+ ρ0)2 6 u (Q) 6
1

4πR

∫∫
κR

u (M) dSM ·
R+ ρ0

(R− ρ0)2 .

(3.21)

|^NÚ¼ê�²þ�úª,þª=�

R− ρ0

(R+ ρ0)2R · u (P ) 6 u (Q) 6
R+ ρ0

(R− ρ0)2R · u (P ) .
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��¼ê

yéu�½�NÚ¼êS

�{uk},-vk = uk − uk−1 > 0, k = 2, 3, · · ·"évk^M@�
Ø�ªÒ��

R− ρ0

(R+ ρ0)2R · vk (P ) 6 vk (Q) 6
R+ ρ0

(R− ρ0)2R · vk (P ) . (3.22)

é?¿�m Ún > m ,duun − um =
∑∞

i=1 vk,5¿

�{uk(P )}�Âñ5,dþª´�k = m+ 1 |uk(Q)|3KR/2þ

��Âñ"dM@�1�½n,|uk(Q)|3Kk/2þ��Âñu

��NÚ¼êu(Q)0
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��¼ê

é?�:M ∈ Ω,�±^��á3Ω¥�ò�γë

�PÚM,
γ�±^k����á3Ω ¥�¥CX"

éù
¥Å�$^þãín,=�|uk|3M :Âñ,l
u3Ω

S??ÂñuNÚ¼êu(ë�½n2.3 �y²)"

Ïuk3Ω ¥??Âñ,AO3z�4¥K,�¥%Mi ?Âñ,

l
uk3Ki(i = 1, 2, · · · , L)þ��Âñ,u´3F þ���

Âñ"ùÒ�¤
½n�y²"
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��¼ê

½n3.3 �u �«�Ω ¥��KNÚ¼ê,KéΩ ¥�?�4

f«�Ω
′
,�3=�Ω′k'��~êC,¦�

max
a′

u 6 C min
a′

u . (3.23)

y

PΩ�Ω�>.Γ�ål�R"dk�CX½n,
−→
Ω�dN �

�»�R
2�¥CX"é06 ρ0 6 R

2 ,kØ�ª

(R− ρ0)R

(R+ ρ0)2 >
2

9
,

(R+ ρ0)R

(R− ρ0)2 6 6.
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��¼ê

u´,d(3.21)ª��,é?�^uCX��»�R
2�¥¥�?

¿ü:P1, P2,¤á

2

9
u (P1) 6 6u (P2)

=

u (P1) 6 27u (P2) .

duu3Ωþ�4�:�4�:7©Oá3,��»�R
2�

CX¥¥,�C = (27)N ,=�(3.23)ª"
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��¼ê

|^Ñtúª94��n��±ïÄNÚ¼ê3�áÛ:N

C�5�"·�k½n3.4(��Û:½n)

�u(M) = u(x, y, z)3:A ���¥Ø:A 	´NÚ¼

ê,3A :NC¤á

lim
M→A

rAM · u (M) = 0 , (3.24)

Ù¥rAML«A:ÚM:�ål,Ko�±­#½Â¼êu3

:A ��,¦u(M)3��¤�Ä�:A ���¥(�):A �

�3S)´NÚ¼ê"
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��¼ê

y

�{üå�,Ø��:A ��I�:"�K ´��±A :�

%!R ��»�¥,§��/�¹3:A �@�¤�	��

�¥"±u3K þ���>.^�,3K S¦.Ê.d�§�

),§�dÑtúª�Ñ,P�u1"·��y²,3��¥K S

Ø:A 	u ≡ u1"ù�,Ò�±­#½Â¼êu 3:A ���

u¼êu13:A ��,ÏdÒy²
½n"Pw = u− u1"

¼êw 3��¥K SØA :	´NÚ¼ê,3:A,d(3.24)k

lim
M→A

rAM · w(M) = 0 , (3.25)
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��¼ê

y3y²3��¥K SØ:A 	w ≡ 0"�d,�¼ê

w∗ (M) = ε

(
1

rAM
− 1

R

)
, (3.26)

§äkXe�5�: (1)3¥K �.¡

þwt(M) = 0;3KSw1(M) ≥ 0"(2)3¥r = δ9r = R ¤

���Ó%¥�D S´NÚ¼ê,ùpδ ´��?¿���

ê"é?¿�½��êú,5¿�(3.25),o�±é�·��

�δ > 0 ,¦3¥¡r = δ þk

| w |6 wε ,
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��¼ê


3K �.¡þ,¼êw Úw"Ñ�u""u´d½n2.3(4

��n),é«�D ¥�?Û:MÑk

| w(M) |6 wε(M). (3.27)

�½M ,-úy0,þªmàªu",Ïd�à�u

",=w(M) = 0"duM ´D ¥�?¿�:,Ïd3D

¥w ≡ 0"25¿�δ > 0 �?¿5,3��¥K SØA :

	w ≡ 0"½ny."

d½n3.4 �±��

íØXJA (¢´NÚ¼êu(M)��áÛ:(=´Ø�Ø�

�Û:),@ou(M)

3A :NCªuÃ¡���êØ¬$u 1
rM

.
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��¼ê

y3|^Ñtúª5`²NÚ¼ê�,��­�5�,=N

Ú¼ê'u§�¤kgCþÑ´)Û�"

½n3.5 (NÚ¼ê�)Û5½n)

�u(M0)´«�Ω ¥�NÚ¼ê,@o§3Ω ¥´'ugC

þx0, y0, z0�)Û¼ê, �Ò´`3Ω ¥?�

:M∗0 (x∗0, y
∗
0, z
∗
0)�NC, §Ñ�±Ðm

¤x0 − x∗0, y0 − y∗0, z0 − z∗0��?ê"
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��¼ê

yéuΩ ¥?��:M∗0 ,±M
∗
0�%���¥K,¦§�Üá

3Ω ¥,�§��»�R"duu(M0)3Ω ¥´NÚ�,¼êu

3¥K S���±|^Ñtúªdu 3¥¡K þ���Ñ

u (M0) =
1

4πR

∫∫
K
u (M)

R2 − ρ2
0

(R2 + ρ2
0 − 2Rρ0 cos γ )

3
2

dSM

=
1

4

1

πR

∫∫
κ
u (M )

R2 − ρ2
0

r3
M0M

dSM .
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��¼ê

|^��ª½n�±òþªmàÐm�x0, y0, z0��?ê"

�(x, y, z)3¥¡K þ,
(x0, y0, z0)3�:NC�ù�?ê´

��Âñ�,Ïd�±Å�¦È©,
�È©�E����'

ux0, y0, z0���Âñ��?ê,Ïdu(M0)3M0 = M ·0?´

)Û�"d:M∗0 �?¿5��u(M0)3Ω S??)Û"½

ny."
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r4��n!1�>�¯K)���5

1.r4��n

·���,NÚ�§£��´­�²ï�Ôny�"E±­

½�9D��/�~,d4��n��,§Ý��p:9�$

:73ÔN�>.þ��"é3>.þ�¡Ý�$:(é§

Ý�p:��aq/?Ø),ÔNÙ§�:�9þ76�§,¿

�ÏL§6�ÔN	Ü,Ïd3T:Ak∂ u
∂ n60 (ùpn ´	

{���)"ddéu,2lêÆþ\±©ÛÚØy,��Xe

��r�(J"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



3.1ïá�§!½)^� 3.2��úª9ÙA^ 3.3��¼ê 3.4r4��n!1�>�¯K)���5

r4��n!1�>�¯K)���5

½n4.1 (r4��n)

�3�»�R �,�¥þ(�)¥¡3S)�½��ëY¼

êu(x, y, z),§3d¥S´NÚ�,¿�éd¥�¤kS

:(x,y,z),¤áXu(x, y, z) > u(x0, y0, z0),Ù¥(x0, y0, z0)´¥

¡þ�,½:"XJ¼êu(x, y, z)3:(x0, y0, z0)÷���

����ê�3,
����¥�S{���¤b�,K3:(

x0, y0, z0)¤á

∂ u

∂ ν
> 0.
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r4��n!1�>�¯K)���5

y

Ï�NÚ¼ê3²L�I¶�²£C��E,´NÚ¼

ê,·�Ø�b�¥%Ò´�I�:"duu(x, y, z)3

:(x0, y0, z0)����,Ïd3:(x0, y0, z0)ok

∂ u

∂ ν
> 0.

XJUÚ?��¼êũ(x, y, z),¦¼êw(x, y, z) = u− ũ
3(x0, y0, z0)�NC¤áw(x, y, z)>w(x0, y0, z0),
¼

êũ(x, y, z)3:(x0, y0, z0)?����ê∂ũ
∂ν > 0, @odu3

:(x0, y0, z0)

∂ u

∂ ν
− ∂ ũ

∂ ν
=
∂ w

∂ ν
> 0
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r4��n!1�>�¯K)���5

¼ê~u ò�¤εv + u(x0, y0, z0)�/ª,¦¼êû(x, y, z)�ã

��<¼êu(x, y, z)�ã��pÝ�u(x0, y0, z0)��²¡�

m"w,,3(x0, y0, z0):¼êv A�Ù4��0,�∂v
∂ν > 0,¿

3T:NC¤áεv + u(x0, y0, z0) < u"

�
�Ñù��v ,·�¦§�/ª¦�U/{ü"u´,�v

´Cþr �¼ê( r =
√
x2 + y2 + z2),�÷v

(1)3¥¡ x2 + y2 + z2 = R2 v = 0;

(2)3Ó%¥�¤�¤�4«

�D : R
2

4 6 x2 + y2 + z2 6 R2Sv äk��ëY �ê,

�∆v > 0;
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r4��n!1�>�¯K)���5

(3) v ÷¥��»����êdv
dr �3,�r > 0 �dv

dr < 0,l


3¥¡x2 + y2 + z2 =

R2 ⊥ ∂v

∂ν
=
dv

dr
cos(ν, r) > 0.

XJù��¼êv(x, y, z)�3,K�ú¿0 v
��,¼

êũ = εv + u(x0, y0, z0) Ò´·�¤�é�¼ê"

¯¢þ,3(x0, y0, z0):w,÷v,·���y²�ε > 0 v


��,3«�D þ¤á

w(x, y, z) = u− εv − u(x0, y0, z0) > w(x0, y0, z0) = 0
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r4��n!1�>�¯K)���5

du3D ¥,∆w = −∆ũ = −ε∆v < 0,Ïd¼êw 3D SØ

U��Ù���"�3«�D �>.þðkw(x, y, z)>0"

¯¢þ,3¥¡x2 + y2 + z2 = R2

4 þ,d

uu(x, y, z) > u(x0, y0, z0),���ú¿0 v
�Ò�¦3¥¡

þw(x, y, z) > 0;
3¥¡x2 + y2 + z2 = R2 þw,

kw(x, y, z)>0"ù�,3��«�D þÑkw(x, y, z)>0, ù

Ò´¤�y²�"

y3·�5y²þã¼êv(x, y, z)�(´�3�"
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�¼êv(x, y, z) = e−u(z2+y2+z2) − e−uR2
,Ù¥a ´���½

��~ê"·���y: �a ·���,§Ò´÷vþã�¦

�¼êv"^�(1)Ú(3)w,÷v,e¡5�y^�(2)"v �

�� �ê�

∂2v

∂x2
= (−2a+ 4a2 x2 ) e− a( x2+y2+z2) ,

∂2v

∂y2
= (−2a+ 4a2 y2 ) e− u( x2+y2+z2) ,

∂2v

∂z2
= (−2a+ 4a2 z2 ) e−a( ι2+y2+z2) .
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Ïd§

∆v = 1− 6a + 4a2 ( x2 + y2 + z2 ) | e−a(x2+y2+z2) .

du3Dþx2 + y2 + z2
R2

4 ,o�±�·���a > 0,¦3D

S¤á∆v > 0,=^�(2) ÷v"½ny."
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dþãéu¥�r4��n,�±��äk,«5����

«��r4��n"

½½½nnn4.2 �«�Ω äkeã5�:éΩ �>.Γ þ�?�

:M,Ñ����áu«�Ω(ëÓÙ>.Γ)�¥KM ,¦Ù3

:M �Γ ��"XJØð�u~ê�NÚ¼

êu(x, y, z)3Ω ∪ Γ þëY,3>.:M0 ?���(�

�)�,K��§3:M0 ?'uΩ �	{��ê∂u
∂n�3,Ù�

7´K(�)�"
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y

�½�¥KM0
,db�§�¤kS:ÑáuΩ"duNÚ¼

êu(x, y, z)Øð�u~ê,�â4��n,§ØU3Ω�S:

�����,Ïdu(x, y, z)3KMp
�¤kS:þ��ð�uu

3:M0 ��"d½n4.1,���ê∂u
∂n�3,§3:M0 ?�

�7´K�"

3Γþ¦¼êu(x, y, z)������@
:?,¼ê−u ��
���,Ïd3ù
:?Ak∂(−u)

∂n <0,=∂u
∂n >0"½ny

."
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2.111���>>>���¯̄̄KKK)))���������555

þã���r4��n�±^5ïÄNÚ�§�1�>�¯

K�)���5"y3ïÄNÚ�§(1.1)�ì�ùS¯K"

N´wÑd¯K�)XJ�3,@oÒØ¬��"Ï�XJu

´ì�ùS¯K�),@ou+ c �7´Ó�ì�ùS¯K�

),Ù¥c �?¿~ê"�·��±y²e¡�

½½½nnn4.3 XJ«�Ω �>.Γ ÷v½n4.2 ¥�^�,@o
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